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AN INTEGRAL FORMULA FOR MULTIPLE SUMMING NORMS OF 

OPERATORS 

DANIEL CARANDO, VERONICA DIMANT, SANTIAGO MURO, AND DAMIAN PINASCO 


Abstract. We prove that the multiple summing norm of multilinear operators defined on some 
n-dimensional real or complex vector spaces with the p-norm may be written as an integral 
with respect to stables measures. As an application we show inclusion and coincidence results 
for multiple summing mappings. We also present some contraction properties and compute or 
estimate the limit orders of this class of operators. 


Introduction 

The rotation invariance of the Gaussian measure on KA, which we will denote by , allows 
us to show the Khintchiue equality. It asserts that if Ci, q denotes the q-th moment of the one 
dimensional Gaussian measure, and denotes KA with the euclidean norm, then for any a G K. N , 
1 < q < oo, 

(!) c 2 , q \\a\\ e N = ( f |(a,*>| 9 d/^(s)) 

We may interpret this formula as follows: the norm of a linear functional a on £% is a multiple 
of the L q - norm of the linear functional with respect to the Gaussian measure on . One may 
ask if there is a formula like (jTJ) for linear functionals on some other space, or even for linear or 
multilinear operators. For linear functionals, an answer is provided by the s-stable Levy measure 
(see for example [B, 24.4]): for s < 2 there exists a measure on KA, called the s-stable Levy 
measure and denoted by fi s , which satisfies that for any 0 < q < s, a G KA, 

(2) c*,q\\ a \Uy = ( [ !(«>-)! {z)\ /q , 

v Jk n 7 

where 

Ca,q = ( [ M 9 dfJ.l(zj) /q . 

v Jk j 
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The question for linear operators is more subtle because there are many norms which are natural 
to consider on £(^). The first result in this direction is due to Gordon pj (see also m ii-io]), 
who showed that the formula holds for the identity operator on considering the absolutely 
p-summing norm of id^N, that is 


/ Kp(idgN S ) C2 >( j 

Pietsch [TB] extended this formula for arbitrary linear operators from £^ —> £^, s > 2 and used 
it to compute some limit orders (see also [lTj, 22.4.11]). 

To generalize the formula to the multilinear setting there is again a new issue, because there 
are many natural candidates of classes of multilinear operators that extend the ideal of absolutely 
p-summing linear operators (for instance the articles [121 [IT] are devoted to their comparison). 
Among those candidates, the ideal of multiple summing multilinear operators is considered by 
many authors the most important of these extensions and is also the most studied one. Some of 
the reasons are its connections with the Bohnenblust-Hille inequality [15] . or the results on the 
unconditional structure of the space of multiple summing operators [7j. Multiple summing oper¬ 
ators were introduced by Bombal, Perez-Garcfa and Villanueva [2] and independently by Matos 
[IB] . In this note we show that multiple summing operators constitute the correct framework for a 
multilinear generalization of formula ([T]) . For this we present integral formulas for the exact value 
of the multiple summing norm of multilinear forms and operators defined on £^ for some values 
of p. Moreover, we prove that for some other finite dimensional Banach spaces these formulas 
hold up to some constant independent of the dimension. 

One particularity of the class of multiple summing operators on Banach spaces is that, unlike 
the linear situation, there is no general inclusion result. In [8] fl8l T9] the authors investigate this 
problem and prove several results showing that on some Banach spaces inclusion results hold, but 
on some other spaces not. The integral formula for the multiple summing norm, together with 
Khintchine/Kahane type inequalities will allow us to show some new coincidence and inclusion 
results for multiple summing operators. 

Another application of these formulas deals with unconditionality in tensor products. Defant 
and Perez-Garcfa showed in [7] that the tensor norm associated to the ideal of multiple 1-summing 
multilinear forms preserves unconditionality on C r spaces. As a consequence of our formulas, we 
give a simple proof of this fact for £ r with r > 2. Moreover, we show that vector-valued multiple 
1-summing operators also satisfy a kind of unconditionality property in the appropriate range of 
Banach spaces. Finally, we compute limit orders for the ideal of multiple summing operators. 
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Our main results are stated in Theorems o and 11.21 which give an exact formula for the 
multiple s ummin g norm, and Proposition 11.31 which gives integral formulas for estimating these 
norms in a wider range of spaces. 


1. Main results and their applications 


Let E i,..., E rn . F be real or complex Banach spaces. Recall that an m -linear operator T G 
£{Ei ,..., E m ) F ) is multiple p-summing if there exists C > 0 such that for all finite sequences of 


vectors (a£)£ =1 C E u ..., (x?J J ™ =1 C E, 


Jrr 


y urn, 1 .. 


OlviJm 



< Cw p ((x h ) h ) 


■■wpiKJiJ, 


where 

Wp{{yj)j) = sup | (J] l7(%-)r) ,P ■ 7 e b e > 

The inhmum of all those constants C is the multiple p-summing norm of T and is denoted by 
7 t p (T). The space of multiple p-summing multilinear operators is denoted by n p (£' 1 , ..., E m \ F). 
When Ei = ■■■ = E m = E , the spaces of continuous and multiple p-summing multilinear are 
denoted by £( m E; F) and II v ( m E] F) respectively. 



The following theorems are our main results. Their proofs will be given in Section [2j 


Theorem 1.1. Let (j) be a multilinear form in £( m ^; K), p < r' < 2 or r = 2. Then 


7r p( < ^) = ( 

7 .. 

■ [ I07 (1) ,-- 

., z^ m) )\ p d^,{z^) ... d$(zWj) 1,P 

C r',p V 

' J K N 

Jk n 

J 


Before we state our second theorem, let us recall some necessary definitions and facts. For 
1 < q < oo and 1 < A < oo a normed space X is called an C 9 q x -space, if for each finite 
dimensional subspace M C X and £ > 0 there are R G and S G £(£™,X) for some 

m G N factoring the inclusion map : M —> X such that ||S'||||R|| < A + e: 



fm 

c q 


X is called an £ 9 q -space if it is an £^ A -space for some A > 1. Loosely speaking, £®-spaces share 
many properties of £ q , since they locally look like iff. The spaces L q (f£) are £ 9 q ^-spaces. For more 
information and properties of £®-spaces see [6J Section 23]. 
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Theorem 1.2. Let T be a multilinear map in C( m £f;X), where X is an C ql -space and suppose 
r, q and p > 0 satisfy one of the following conditions 

a) r = q = 2; 

b) r = 2 and either p < q < 2 or p = q; 

c) p < r' < 2 and either p < q <2 or p = q. 

Then 


*pCn = fr ( 

7 .. 

.[ ||T(C1,.. 

., z^)f x I,P 

r f ,p 

' J k n 

Jk n 

/ 


It is clear that Theorem 11.11 follows from Theorem 11.21 but in fact, the proof of Theorem 11.21 
uses the scalar result, which is much simpler and is interesting on its own. We remark that the 
formula also holds for any multilinear map in £(£ A [,... ,£f m ;X), where X is an C q r space and 
ry,... ,r m , q and p satisfy conditions analogous to those of Theorem 11.21 Moreover, the formula 
turns into an equivalence between the n p norm and the integral if we take general /^-spaces. 

On the other hand, if we put £ r in the domain, since multiple summing operators form a 
maximal ideal, the formula holds with a limit over N in the right hand side (here we consider 
as a subset of If). 

There are situations not covered by the previous theorem where we have an equivalence or, at 
least, an inequality between the ir p and the L p (p s ) norms. 

Proposition 1.3. Let T e C( m £f ; X). 

(i) Suppose either r = 2 and p, q < 2; or r — 2 and q < p; or p < r' <2 and q < 2. If X is an 
C 9 q -space, then we have 

n r (T) x ( f ... f ||T( Z W,..., A“>)K dtf(z<'>)... drf(zM)) , 

\JK N Jk n ) 

that is, the multiple p-summing and the L r /(K N x • • • x IK A ' r , pf, x • • • x /i^) norm are equivalent 
in £( m £( v ; A"), with constants which are independent of N. 

(ii) If r — 2 or p < r' < 2 then we have, for any Banach space X, 

n r (T) y ( f ... [ ||T(;«,..., z<“>)K • • • d^,(z^)) . 

\JK N Jk n ) 

Now we describe some applications of these results. The most direct one is an asymptotically 
correct relationship between the multiple summing norm of a multilinear operator and the usual 
(supremum) norm. Cobos, Kuhn and Peetre [5] compared the Hilbert-Schmidt norm, i r 2 , with 
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the usual norm of multilinear forms. They showed that if T is any m-linear form in £( TO £^, K) 
then 

tt 2 (T)<N— ||T||. 

Moreover, the asymptotic bound is optimal in the sense that there exist constants c m and m- 
linear forms T on with ||T|| = 1 and tt 2 {T) > c m N . It is easy to see from this that the 
correct exponent for the asymptotic bound for the Hilbert-valued case is y. The same holds for 
the multiple 71 -summing norm for any p because all those norms are equivalent to the Hilbert- 
Schmidt norm in £( m £ 2 ]£ 2 ), see [10, fl3j . We see now that the same optimal exponent holds for 
multiple 75 -summing operators with values on £®-spaces. 


First, note that passing to polar coordinates we have, in the complex case (the real case follows 
similarly) 


Ik n Jk n 

1 f 


T(N) m i( 5 2 jv— i) 

pi T(N + p/2)\™ 


\\T(zV ,..., ^ (m) )r Y d^(zW)... dtf(z™) 

... ,05^)115, ... c?cT 2Ar _ 1 (a; ( ^>) ( / 2p 2N+p - 1 e- p2 dp) 

1 ' ./n ' 


< ITU 


T(N) 


where S 2N 1 denotes the unit sphere in and < t 2 n-i the normalized Lebesgue measure defined 

on it. 


As a consequence of Proposition 11.31 we obtain 

(4) MU S ( F(i ). ( ^ /2) ) m/ '’ ITII S iv?||r|| 

for A" a £° q A -space and p > q or p, q < 2. 

Let us see that for p, q < 2, the exponents are optimal. Since for any T G ; £ q ) we have 

N i 

( E IIUm--mJII?,)’ <^p(T)NT- ! i <nt\\t\i 

it suffices to show that the inequality 

N 1 

(5) ( E ITfe I .....e Jm )||? i ) 5 r!Af?||r|| 

jl vL?Vn = l 

is optimal. By [I] Theorem 4], there exist symmetric multilinear operators TV G ,£%) = 

N 

£( m+1 ^), such that, T N = ® ® e jm+1 , with £ hl ..., jm+1 = ±1 and ||TV|| x 

jl ■)‘“ijm+l=l 

Vn. 
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Let T n = i 2q o T’y, where i 2q : t 2 £ q is the inclusion. Then, ||Tjv|| di and 

N i 

This implies that inequality d^J) is optimal and, hence, so is (]TJ). 

1.1. Inclusion theorems. The well-known inclusion theorem for absolutely summing linear op¬ 
erators states that for any Banach spaces E, F we have 

II S (£/, F) C II t (E, F), when s < t. 

Although multiple summing mappings share several properties of linear summing operators, there 
is no general inclusion theorem in the multilinear case (see |15j). It is therefore interesting 
to investigate in which situations we do have inclusion type theorems. The following theorem 
summarizes some of the most important known results on this topic. 

Theorem 1.4 (|3, H3J US] ) . (i ) If E has cotype r >2 then 

U s { m E,F) =U 1 ( m E,F), for 1 < s < r*. 

(ii) If F has cotype 2 then 

U s ( m E,F) cU 2 ( m E,F), for 2 < s < oo. 

The following picture illustrates the above theorem in the particular case where E = I 2 and 



In the ruled area we have n pi ( m £ 2 ; I q ) = n p2 ( m f' 2 ; I q ) and in the shaded area we have the reverse 
inclusion U pi ( m £ 2 -, £ q ) C II 2 ( m f' 2 ;f' g ) for pi > 2. 

As a consequence of our integral formula, we obtain the following improvement to the previous 
result, which will be proved in Section [2j 


Proposition 1.5. Let Y be a C 2 -space and X a C g q -space. 
Ifp>q, then U p ( m Y; X) = U q ( m Y ; X). 
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Ifp<q, then U p ( m Y ; X) C U q ( m Y ; X). 

With the information given by the above proposition, we have the following new picture. 


i 



In the ruled area we have II Pl ( m f 2 ; £ q ) = IIp 2 ( ,7 T 2 ; £ q ) and in the shaded area we have the (direct) 
inclusion hi p ( m f' 2 ;^) C U q ( m i 2 ',^ q ) for p < q. 


1.2. A contraction result and unconditionality. Let us begin with this contraction result 
for the p-summing norm of multilinear operators. 

Theorem 1.6. Suppose X is a C 9 q -space and let r, q and p > 0 satisfy one of the conditions in 
Proposition 1 1. d\ (i). Then, there is a constant K (depending on r, q and p), such that for any 
finite matrix C X and any choice of scalars we have, 

4 ® •• • <8 e' m J < K\\(a iu ... ti JWco n p 

where the tt p norms are taken in Ilp( m £ r ; A"). 



Proof. If we show the inequality for ati u ...,i m = ±1, standard procedures lead to the desired 
inequality for general scalars, eventually with different constants (see, for example, Section 1.6 in 
[H]). We set 


T = Yl 4 ® ® e L aIld T a= Yl a il.-.<m4 ® ’ ‘ ® e L 

'i'l 

and let (r k ) k be the sequence of Rademacher functions on [0,1]. For any choice of ti ..., t m G [0,1], 
we have 



||F Q (ri(fi);? (1) ,.. ■ ,r n (t m ) 2 : (m) )||^d/i^(z (1) ). ..dp^,(z {m) ) 
II T a ( Z W ,... ,zW)\\ p x dpL?,(zW ). ..d$(z™). 
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We integrate on tj G [0,1], j — 1,..., m and use Fubini’s theorem to obtain 


(6) / ... \\T^ 1 \...,z™)\\° x dv$(zU)...dv$(z™) 

Jk n Jk n 

f ||T Q (ri(fi)z (1) ,... ,r n (t m )z {m) )\\ P x dti... dt m d^,(z {1) ). ..dp^(z {m) ] 


Ik n Jk n Jo 


[ [ E ri i 

J[0 ;l] m K N ) m ,-_ 


y (l) Jm), 




dt\... dt m diJ,$ (z^)... d (z ^). 


%\ ,...,277 


Since X has nontrivial cotype and local unconditional structure, we can apply a multilinear 
version of Pisier’s deep result [181 Proposition 2.1] (which follows the same lines as the bilinear 
result) to show that, for any z^\ ..., z^ G K^, we have 


( 1 ) Jm) 


^ii ^i m \\x 


< K x 


[ ••• [ || r n(f)---h m (i) 

Jo Jo 

4 1) ---4r ) 


d.t\ ... dt r 


U v,*m 

"1 r l 


X. 


*!)■■■,*m \\x 


di\ ... dt r 


v V U • • 

* 1 j• • • 

Using a multilinear Kahane inequality (which may be proved by induction on m), the same holds, 
with a different constant, if we consider the power p in the integrals. This means that we can 
take the cq lv .. ; j fc from ([HD, paying the price of a constant K. Now, we can go all the way back as 
before to obtain 

[ .. [ ||T Q (z( 1 ),...,z( m ))||^p(- (1) )---^p(^ M ) 

JK N JK N 

< K [ ... [ ||r(z (1 ) ,...,z (m) )f Y dp^(z (1) )...d/i^(z (m) ). 

JK N JK N 


The integral formula in Proposition 11.31 gives the result. 


□ 


Note that, in the scalar valued case, the previous theorem asserts that the monomials form an 
unconditional basic sequence in Il 1 ( m £ r .) for r > 2. This is a particular case of the result of Defant 
and Perez-Garcfa in [?]. It should be noted that the analogous scalar valued result is much easier 
to prove: after introducing the Rademacher functions as in the previous proof, we just have to 
use a multilinear Khintchine inequality and the integral formula from Theorem 11.11 to obtain the 
result (Pisier’s result is, of course, not needed in this case). 


1.3. Limit orders. As a consequence of the integral formula for the p-summing norm, we are 
able to compute limit orders of multiple summing operators (see definitions below). Limit orders 
of the ideal of scalar valued multiple 1-summing forms were computed in [Tj for the bilinear case. 
In the multlinear case, they were computed in [Tj for £ r with 1 < r < 2 and in ECU for £ r with 
r >2. This latter case can be easily obtained from our integral formula for the multiple summing 
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norm. We will actually use the integral formula to compute some limit orders for the vector 
valued case, the mentioned scalar case being very similar. 


A subclass 21 of the class C of all m-linear continuous mappings between Banach spaces is 


called an ideal of m-linear mappings if 

(1) For all Banach spaces Ei,, E m , F, the component set 2l(A l ,..., E m \ F ) := 2ln(lA L ,..., E m ] F ) 
is a linear subspace of {E \,..., E m ; F ). 

(2) If Tj G (. Ej ; Gj), 0 G 2l(Gi, ...,G m ;G) and S G £(G, F), then So 0o (T 1; ..., T m ) belongs 
to %L(E h ..., E m ; F). 

(3) The application K m 3 (Ai,..., A m ) i-> Ai • ... • \ m G IK is in 2l(K,..., K; K). 

A normed ideal of m-linear operators (21, || ■ ||a) is an ideal 21 of m-linear operators together with 
an ideal norm || • ||a, that is, 

(1) || • || a restricted to each component is a norm. 



iisiiiHkmii.iiT m ||. 

(3) ||K r " 9 (Ai,..., A m) (->• Ai ■... ■ A m G KHa = 1. 


Given a normed ideal of m-linear operators (21, || • ||a), the limit order A m (2l ,r,q) is defined as 
the inhmum of all A > 0 such that there is a constant C > 0 satisfying 


||si ^ C N x , 


for every N > 1, where X • • • X Ff — > is the m-linear operator, ^(t 1 , ■ ■ ■ ,x m ) = 



Proposition 1.7. 


A m (n 1 , r, q) = < 



Q 

l 


if 

if 


q < r' < 2 
r' < q < 2 


These values can be represented by following picture: 



o 



1/r 
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The proof will be splitted in several lemmas. 
Lemma 1.8. Let p < q < r' < 2 then A m (n p , r,q) — - . 


Proof. Let p < q < r' < 2. Then by Theorem 11.21 

<■>„(*») = (f ... J ( £ I # 1 • • • zp ] '\"Y" l dtf(zV)... 




i /p 


< 


IK N JK N 


... z^\ q dp^,{z^)... dp^,(z^) 


1/9 


= cy, q N 1/q . 


Tims, X m (Jl p ,r, q) < On the other hand, 


<$W*aO = ( 


'K N Jk n 




> 


Ik n Jk n 
= cV„N l/q . 


N p l q ~ 1 J2 \zf • • • z$ n) \ p d f j${zW )... d/^(^ m) )) 


i tv 


-'r ,p 


Hence, X m (Jl p ,r, q) > X and the proof is done. 

Lemma 1.9. Let p < r' < q < 2. Then A m (n p ,r, q) = 4- 


Proof. Let l<s<r'<q<2. Then, by Theorem 11.21 


c r ft 1 7ri($jv) = 


< 


Ik n Jk n 


Ik n Jk n 


\zf ■ ■ ■ z^ m) \ g ) l/q d^,{z^) ...dp?, (z™) 


\zf ■ ■ ■ ^ (m) | s ) 1/S d/ip(- (1) ) • • • dhp(- (m) ) 


< (/ •••/ ■■■Zj n) \ S dhr'(z {1) ) ...dp^(z {m) )) 

v Jk n Jk n j ' 

= cffN 1 / 8 . 


l/s 


□ 


Since this is true for every s < r', A m (n 1; r, q) < 4- 

On the other hand, let ^ x ... x —> C, the (m + l)-lincar form induced by &n- By 

m Proposition 2.2] or [TO] Proposition 2.5], ^(^tv) > ^(T^v). Thus, by Theorem 11.11 taking 
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into account the comments after Theorem 11.21 we have 




Ik n J k n 


..., z^ m+1) )\d^(z w )... d$(zW)d t j»{z ( - rn+1) ) 


[ ■[ I Y\ z f ■ ■ • 4 m+1) d^, (z (1) ) ...dtf (z^)d^ 

Jk N Jk N 1 ; 


Cr' , 1 


Ik n Jk n 


\zf . . . *("*+Y) 1/r d^,{z^)... d^(z^)d^(z^ m+1) ) 


> Cr'^N r' 1 


/ k n Jk n 


\zf . ..Z^ m+1) \d^(z^). ..d^(z^ m) )d^(z^ m+1) ) 


= c^c^NP-'N = 

Therefore A m (Lli,r, q) = 

This proves our assertions for p = 1. By [21 Theorem 4.7], YL p (£ r ,£ q ) = ff! (£ r , £ q ) for every 
1 < p < 2, and the lemma follows. □ 

Since £ r has cotype 2 for 1 < r < 2, given any m-linear form T e £(f] v , ... ,£^;C), we know 
from [7[ Lemma 4.5] that 


(7) 


7 Ti(T) x sup tit (T O (D ai ,...,D a J), 


where the supremum is taken over the set of norm one diagonal operators D aj : £^ — y £f!. The 
vector-valued version of this result follows the same lines, so (0 holds for any m-linear map 
T e £(£$?, . . ., £^f] Y), for every Banach space Y. 

Lemma 1.10. Let 1 < p, q,r < 2. Then 
(i) A m (n p , r,q) =0 for 1 < r < -^ 2 - 


2 -\-mq ' 


(«) A m (n p ,r,g) = i + f-^/or 


2 mq 
2+mq 


< r < 2 . 


Proof. Let | = £ — |, then for any diagonal operator we have \\Da\\c(tf;e^) — ll^llrf ■ Since 
° (Am ■ ■ ■, Da m ) e £( m ^; f'q'), by Theorem 11.21 we have 

r r N i/ 

7ri(4yv o (AmAxJ) x / ... ■ ■ ■ a ™ti) z j m) \ q ) q d P 2 (- (1) ) • • • (z (m) ). 

JK N JK j 

( i ) The assumption 1 < r < 2 +m q hnplies t < mq. Then 


n i / 

(J 3 ■ ■■<7m{j)zf l) ) I 9 ) < Iki||^ . . . ||cr m ||^Af sup I zf ] .. -zj m) |. 


3 = 1 
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Consequently, for any s > 1, we have 

Ki($n ° ( D ai ,D ffm )) ^ f ... f sup | zf ] ... zf x) \dp% (z (1) )... d{z {m) ) 

JK N JK N j 

v Jk n Jk n J 


which implies that A m (II 1 ,r, q) = 0. 

(ii) The assumption ,' 2 J nq < r < 2 implies t > mq. Let - = y + -. Then 


2+mq — 1 ^ ‘ q t s' 

N i/ N 

^2 ■ ■ ■ a ™U) z j n) \ q ) q - imi*?• • • ii cr ™ii^f( ^2 i z j 1} • • ■ z j m)) 


l/s 


3 = 1 

Thus we have, 

Tr 1 {$ N o(D (Tl ,...,D (Trn )) ^ 


3 = 1 


Ik n Jk n 


N 

£ 

3 = 1 

N 


iT) „M|s 
I O' ■■■E ! 


l/s 


d^(z m )...d^(z M ) 


< 


= c. 


Ik n Jk n 




i=i 

1 | m m 


l/s 


2,s 


-i / i i 77i m 

iV 1/s x AO +ir ~“. 


On the other hand, 


7n(^iv o (D ai ,.. ., .D CTm )) y N 1/q ' [ ... [ ^22 ki(j)^ 1} • • • 0 (1) ) • • • G?/^ (z M ) 

N 

3 =1 

Taking supremum over ay G -E^jv, A: = 1,..., m, and using (J2J) we get that 

7n($Ar) h x 

This proves our assertions for p — 1. Since 0 has cotype 2, by [3], Theorem 4.6], n p (E r ,E ? ) 
coincides with fli (£ ri i q ) for every 1 < p < 2, and the lemma follows. □ 


2. Proofs of the main results 

The proofs will be splifted in a few lemmas. We will also use the following result, which is m 
Proposition 3.1]. 
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Proposition 2.1 (Perez-Garcia). Let T G II™ (Ad, ..., X in : Y ) and let (Qj, [ij) be measure spaces 
for each 1 < j < m. We have 




\\T(fl(lVi), ..., f m (w m ))\\^ dn^wf)... dn m (w n 

171 r i/p 

<«,mn su p (/ \( x *jjj( w j))\ Pd Lj(wj)) p . 


for every f 3 G Xj). 


A simple consequence of this proposition is the following. 

Lemma 2.2. Let T be a multilinear operator in C,if n t ^; Y), and p < r' < 2 or r = 2. Then 

( [ ... f ||T(z<‘),..., z (ro) )||^ cl^, (z (1 >) ...itf (z 1 ”’)) 1/P < c? ir r (T). 

V Jk n JK n 7 

Proof. Let = (IK N ,p r >), fj G L P ((K N , /v), K. N ), fj(z) = z for all j and p < r' < 2 or 

r = 2. By Proposition 12.II and rotation invariance of stable measures, 

([ ...[ \\T(^\...,z^)\\^d^(z^)...d^(z^)) l/P 

V JK N JK N ' 

171 „ -. / 

sup ( |(z ( 7 ) ,w j )| p d/^(z (7) )) 

“.1 UjC./I*.v 7 

/ /* \ m/p 

= *p(T)( |ei(z)|^(z)J = vr p (T)c;V □ 

v 7 

Now we are ready to prove Theorem 11.11 

Proof, of Theorem \1.1\ One inequality is given in the previous Lemma. We prove the reverse 
inequality by induction on m. For m — 1, we have (j) G = ifi and then 



= G>( f \<!>(z)\ P d${zj\ /P . 
v J k n 7 


Suppose that for any /c-linear form x • • • x If! —> K, with k < m, we have, 



for all sequences (unj) C , with w p (unj) — 1, j — 1 ,..., k. 
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Let <j> be an m-linear form, and («„/) C f/, with w p {Un]) — 1, J — 1,..., m. Then 


E w<>.•••.«£?)i p = E E 

n\ n 2 ,...,n m 


^!r I,p E(/ f 

~~ ^Jk n Jk n 

li± 

t ...,z^)\ p dpf,(z^)...dpf,(z^)j 

v ./K^ „ 

'*T 

...,z^ m) )\ p dfif(z^)...dfif(z^ 

< C r ., ( '” ! f ... f (c- p f \(j){z^\ 

Jk n Jk n f J K N 

z (2) , ..., z (m) ) p d/i^(^ (1) )jd/i,^(^ (2) ) 

= v7(/ .../ |0L' 1 »,...,z(’”>)|-<iM?L (I) )..VA*?L ( '" ) )). 

v ./k jv 7 

Therefore, 


tfjFpW) < ( f ■ ■ ■[ 10(-£ (1) ; • • • ; 

v Ik 1 ’ Jk w 

, z (m) ) p d/r^(^ (1) )... d^(^ (m) )) 1/P . 


d^ (m) ) 


Let us continue our way to the proof of Theorem 11.21 
Lemma 2.3. Let T be an m-linear mapping in C( m E ; If 1 ), 0 < p < g < 2 or q = 2. Then 

c q ,pTT P {T) < ( f n p (z o T) p d^(z)) ,P . 
k Jk m 7 

In particular, if T is linear, 

VpiT) < ( f \\T\z)\\ p E , dp,™(z)\ /P . 

V J K M 7 

Proof. For (u J k ) C iff with w p ((u J k )) = 1, j = 1 ,,m, we have 

E = 

kl 


< 

Therefore, 

c q ,pTT p {T) < f / n p (zoT) p d^ J (z)) ' . 

v 7 

For m = 1, z o T is a linear form, and then we have tt p (z oT) = \\z o T\\e> = \\T’(z)\\ e ,. □ 


E (EK oT «.- 

kl,...,km j = 1 


p/q 


E c i p P ( [ \J2 e 'j° ■ ■ ■ > <J z 3 o 

E C Z{ [ \zoT(ul l ,...,uZ)\ p dpi I (z)) 

. .,/Crn 

;?([ M zoT ) p d^ q I (-))• 

v 7K M 7 


fci 
C 


1/p 
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By a Banach sequence space we mean a Banach space A" C K N of sequences in IK such that 
l\ C A C £oo with norm one inclusions satisfying that if x G IK N and y G A are such that 
\x n | < \y n \ for every n G N, then x belongs to A and ||t||x < IIz/IIa- We will now show that if we 
consider multilinear mappings whose range are certain Banach sequence spaces, then the norm 
of the multilinear mapping defined by the integral formula is equivalent to the multiple summing 
norm. 

We will need the following remark, which may be seen as a Khintchine/Kahane type multilinear 
inequality for the stable measures. 


Remark 2.4. If T is an m-linear form on K. N and q < p < s < 2, or q < p and s = 2, then 



For m — 1 it follows from property ([2]) of Levy stable measures, and then we just apply induction 
on m. 


Recall that a Banach sequence space X is called q-concave, q > 1, if there exists C > 0 such 
that for any aq,..., x n G X we have 


n l 

QTMtjAc 


n 


E 




x 


Lemma 2.5. Let X be a q-concave Banach sequence space with constant C and let T G C( m E] A) 
be an m-linear operator. Denote by Tj the j-coordinate ofT (Tj is a scalar m-linear form). Then 

*,(T) < cilMTAin. 


Proof. Just note that for finite sequences (vmt!) rik C A, with w q ^ (uni ) rik j = 1 we have 

E m< ) ,...,«£ ) )lli) 1/, <c||(( 5^ ITOff....,«£J)| , ) I/ *) || x < 


X' 


Tl\ ,...,71 f) 


U\ ,..., 71 rj 


□ 


Lemma 2.6. Let X be a Banach sequence space and let T G ; A") be an m-linear operator, 

r > 2. Then if either p, q < r' < 2, or r = 2, then 


II MTj))j 


x x 


< c. 


r',1 


Ik n 


Ik n 


I \T(z 


(i) 


.W' 


xd/i^(£ (1) ) •. < (c r / )5 /c r / ) i) m 7T (? (r). 
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Proof. By Theorem 11.11 Remark 12.41 and Lemma 12.21 we have 



< 




Cr-' ,q/Cr',l) 


VO- 


□ 


As a consequence of Lemma [ 2.21 we obtain one inequality in the following result. For the other 
inequality, note that if X is g-concave, then it is also s-concave for any s > q and apply the 
previous two lemmas. 

Corollary 2.7. Let X be a q-concave Banach sequence space and let T 6 £( m f'^ v ;X). Then for 
r = 2 and q < s, or q < s <r' <2, we have 

<T)x( f ... f \\T{z^\...,^)\\%d^(z^)...d^(z^)] 9q 

V JK N JK n 7 


Standard localization techniques and the previous corollary readily show the coincidence of 
multiple s— summing and multiple q —summing operators from £~bspaces to g-concave Banach 
sequence spaces. 

Corollary 2.8. Let X be a q-concave Banach sequence space, and let E be an C 9 r -space. Then 

U s { m E-X) = U q ( m E-X), 
for q < s < r' < 2, or q < s and r = 2 . 

Proceeding as above we may prove the following. 

Corollary 2.9. Let X be an C g q l -space and let T e C(f n £f]X) be an m-linear operator. If 
q < r' < 2 or, r = 2, then we have 

v Jk n Jk n 7 

We have almost finished the proofs of the main results. 
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Proof of Theorem I 1.2l It is clearly enough to show the result for operators with range in i K q [ for 
some M e N. 


One inequality is Lemma 12.21 For the other inequality, if either r = g = 2or;r = 2 and 
p < q < 2 or; p < r' < 2 and p < q < 2, a combination of the previous results gives: 

n p { Z o Tyd^{z)] 1/P 
Ik n 


M T ) < c *( [ n p (zoT) p d^(z)] 

' IwN / 


< r~ m r~ 1 
— L 'r',p L 'q,p 


| * o T(z w £ (m) ) | P dp?, (z w )...d$ (^ (m) )) dyF {z) 


K N v Jk n Jk n 


< c~, m 

— r >p 


< r~ m 

— r 1 .p 


K N J K N 


c~l I \zoT(z^\...,z^)\ p d^(z))d^,(z^)...d^(z^) 


Ik n 


i/p 


i Ip 


= c. 


r ,p 


K N JK N 


K N JK N 


tt p (T(^ (1) , ..., z im) ); £% -> K) P d^(z {1) )... d^(z {my 


i/p 


II T(zU, ..., z^)\\ P eM drf(zU)... dtf(zW] 


i/p 


where by ‘k p {T{z^ 1 \ ..., ^( m )); —> K) we denote the absolutely p-summing norm of the vector 
T(z^ l \ ..., z^T) thought of as a linear functional on whose norm is just the f^-norm of the 
vector. 

The cases where p = q follow from Corollary 12.91 □ 

Proof of Proposition ^. A (i) For r = 2, the equivalence of norms is a consequence of Theorem 11.21 
when p < q <2 or p = q and of Corollary 12.71 for q < p. 

For r > 2, the equivalence of norms is a consequence of Theorem 11.21 when p < r' and p < q <2 
and of Corollary 12.71 q < p < r'. 

(ii) This statement follows from Lemma [ 2.21 □ 

Proof of Proposition IT, 51 The first assertion follows from Corollary 12.71 and localization. For the 
second assertion just combine Lemma [2.51 with Lemma [2.61 □ 
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